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The rate of dyeing is subjected to the 
slow diffusion of dye into the fibre. Neale 
et. al. measured this rate under the condi-
tion that the liquid yarn ratio is infinite. In 
this case, the outer surface of yarn spontane-
ously adsorbs the dye corresponding to the 
dyeing equilibrium. At the same time, the 
slow diffusion begins to penetrate the yarn, 
but the dye concentration of the outer sur-
face is constant, the dye diffused into the 
yarn being supplied at once from the bath. 
The rate determing process of dyeing is the 
slow diffusion into the inner part of a fibre. 
Meanwhile the slow diffusion is affected by 
the adsorption amount at the outer surface. 
To study the rate of dyeing, the dyeing 
equilibrium should be, therefore, known. As 
for the latter, Vickerstaff et al.1) studied it 
both theoretically and experimentally for the 
case of the liquid yarn ratio is assumed to 
be infinite. 

Boulton et al 2) defined the "half dyeing 
time" to compare the rate of dyeing. That 
is the time required to absorb one half of 
the equilibrium amount. The experimental 
determination of the half dyeing time is done 
under a rather small liquid yarn ratio of 
40: 1, and the results are dependent on the 
equilibrium exhaustion ratio. The theoreti-
cal justification on the half dyeing time has 
not yet been done. 

Theory of Dyeing Equilibrium in 
Finite Liquid Yarn Ratio 

In this paper, the dyeing equilibrium of 
direct cotton dye on viscose rayon is mainly 
studied. In this case, dye may be assumed 
to migrate into the capillary gap or miceller 
interspace. The volume of dye bath per 1 g. 
of yarn is assumed to be v (1./g.), and the 
volume of capillary gap per 1 g. of yarn to 
be V (1./g.). The liquid yarn ratio v was

40 (cc./g.) in Boulton's experiment, and usu-
ally much more larger, that is,

(1)
The volume of capillary gap is according to 

Marshall and Peters3), for viscose rayon,

(2)
The dye molecule discussed here contains 

z Na atoms and dissociates in solution as 

follows :

(3)

where Dz- is dye anion. In the dye bath, 

NaCl may be added. The concentration of 

dye ion, Na+ ion and Cl- ion is expressed as 

[D], [Na], and [Cl] (mol./l.) for solution, and 

[DƒÓ], [NaƒÓ], and [ClƒÓ] for fibre phase, respec-

tively. Assuming the absorption amount of 

dye per 1 g. of fibre as x (g./g. fibre),

(4)
where M is the molecular weight of dye. 

The standard chemical potentials of all ions 

are expressed as ƒÊ0(D), ƒÊ0(Na), ƒÊ0(Cl), ƒÊ0(DƒÓ), 

μ0(Naφ), ƒÊ0(ClƒÓ), and activity coefficients as

fD, f+, f-, fƒÓD, fƒÓ+, and fƒÓ-. Then the free 

energy of the total system, F, is

(5)

As for the electrical interaction of fibre sur-

face and dye ion, Gilbert and Rideal4) intro-

duced the electrical potential difference f at 

the surface, to explain the combination of 

protein and inorganic acid. But this is less 

important to discuss than the interaction of 

direct cotton dye with cellulose. Assuming 

that the change of electrical potential during 

the dyeing process may be rather small, it 

is included in the term ƒÊ0, in this paper.

* A part of this paper was presented before the Dis-

cussion of Colloid Chemistry held by this Society at 
Nov. 1954. 

1) Vickerstaff, "The Physical Chemistry of Dyeing", 
2nd. rev. ed. (1954), p. 191-256. 

2) J. Boulton and B. Reading, J. Soc. Dyers and 
Colourists, 50, 381 (1934); J. Boulton, ibid., 54, 268 
(1938); 60, 5 (1944).

3) W.J. Marshall and R.H. Peters, J. Soc. Dyers and 
Colourists, 63, 446 (1947). 

4) G.A. Gilbert and E.K. Rideal. Proc. Roy. Soc., 
A182, 335 (1944).



202 Masayuki NAKAGAKI [Vol. 29, No. 1

Since the total amount of dye ion is cons-

tant,

(6)
where No is the initial concentration of dye 
in the bath. Then, this gives, with Eq. (4), 
the formula to calculate the adsorption 
amount :

(7)
From the constancy of Na and Cl,

(8)
and (9)
where Ns is the initial concentration of NaCl 

in the bath. From the condition of electrical 

neutrality for dye bath and for the fibre 

phase,

(10)
and (11)
are obtained. 

With these equations and Eq. (5), the free 
energy may be expressed as a function of 
[Na] and [D]. Then, using the equilibrium 
condition that the partial differentiation of 
F by [Na] and [D] are respectively equal to 
zero, the dyeing equilibrium is formulated. 
Using the further assumption that

(12)

(13)
that is Na+ and Cl- do not have any especial 

affinity to the fibre, Donnan's equation for 

membrane equilibrium :

(14)

is obtained from one of the equilibrium con-

ditions

(15)
Nearly every theoretical study ever proposed 
is assuming Eq. (14) a priori. It should be, 
however, emphasized that this equation is 
correct merely when Na+ and Cl- have no 
affinity to the fibre. 

Then, from the other equilibrium condition

(16)
and Eq. (13) and Eq. (14),

(17)

is obtained. On the other hand, from Eqs. 
(11) and (14),

(18)
is obtained, if f=1. 

At the infinite liquid yarn ratio,

(19)
and (20)

Marshall and Peters3) and Peters and Vicker-

staff5) used these equations in Eq. (18) to 

calculate the value [NaƒÓ], and showed that 

Eq. (17) is supported by experimental data. 

Vickerstaff1) also showed that the equation 

of Willis, Warwicker, Standing and Urquhart6) 

and that of Hanson, Neale and Stringfellow7) 

are, respectively, derived as special cases of 

Eqs. (17) and (18). 

In the case of finite liquid yarn ratio, [Na] 

and [Cl] both depend on [NaƒÓ], so that Eqs. 

(19) and (20) can not be used. Using Eqs. 

(7)-(11) and (14), [NaƒÓ] is strictly calculated 

as a function of [DO], Ns, and No. Even 

when the liquid yarn ratio is finite.

(21)

(22)
and (23)
are satisfied, referring to Eqs. (1) and (2). 
Under these approximations,

(24)
is obtained. This equation for finite liquid 
yarn ratio is coincident with Eq. (18), using 
Eqs. (19) and (20) for infinite ratio. Under 
the approximation of Eqs. (21)-(23), the value 
[Na] for finite liquid yarn ratio is, however,

which does not coincide with Eq. (19) for 
infinite ratio. 

In a special case where

(26)
Eq. (25) becomes

(27)
which also does not coincide with Eq. (19). 
from Eqs. (27), (7) and (8),

(28)
is obtained. Let the eqilibrium adsorption 

amount be x•‡ and the concentration of dye 

in the bath be N•‡, then under the condition 

of Eq. (26),

(29)

5) R.H. Peters and T. Vickerstaff. Proc. Roy. Soc., 
A192, 292 (1948). 

6) H.F. Willis, J.O. Warwicker, H.A. Standing and 
A.R. Urquhart, Trans. Faraday Soc., 41, 506 (1945). 

7) J. Hanson, S.M. Neale and W.A. Stringfellow, 
ibid., 31, 1718 (1935).
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Fig. 1. Absorption of Benzopurpurine 4B 
on viscose rayon yarn in finite liquid 
yarn ratio (by Boulton).

is obtained. Fig. 1 shows the varification of 
Eq. (29). Plots in the figure are calculated 
by the present author from the Boulton's 
data 2) for the dyeing of Cautould's 150/27 
viscose rayon yarn by Benzoperpurine 4B in 
finite liquid yarn ratio (40: 1). The straight 
line in the figure is drawn so as to satisfy 
the theoretical inclination, 1/(z+1)=1/3. The 
agreement with the experimental value is 
good. From this straight line,

(30)

is obtained. Assuming

(31)

and, for viscose rayon 3),

(32)
the following is obtained :

(33)
Hanson and Neale8) measured the dyeing 

equilibrium of the same Benzoperpurine 4B 
on viscose rayon (cellophane film, in this 
case), at infinite liquid yarn ratio. In this 
case, however, the ratio (NaCl/dye) was much 
greater than in the case of Boulton, so that 
the assumption (26) and Eq. (29) cannot be 
used. In this case, [Na] and [Nat] should be 
calculated from Eqs. (19) and (24), and inserted 
into Eq. (17). The latter may be rewritten 
as

(34)

under the assumption of

(35)
The result of calculation is shown in Fig. 2, 

where the straight line is drawn so as to

Fig. 2. Dyeing equilibrium of Benzopur-
purine 4B on cellophane in infinite liquid 
yarn ratio (by Hanson and Neale).

satisfy the theoretical gradient in Eq. (34). 
From this straight line,

(36)

is obtained. Using the second equations of 
(34) and Eq. (31), Eq. (36) is recalculated to

(37)

which is in good agreement with Eq. (33). 
The dyeing equilibrium of Sky Blue FF 

(Chicago Blue 6B) on viscose rayon measured 
by Boulton2) at finite liquid yarn ratio, and 
by Hanson and Neale8) and Marshall and 
Peters3) at infinite liquid yarn ratio are plot-
ted in Fig. 3. Eqs. (24), (25) are used for

Fig. 3. Dyeing equilibrium of Sky Blue 
FF on viscose rayon.

finite liquid yarn ratio, and Eqs. (18), (19) 

and (20) are used for infinite ratio. V is 

assumed to be 0. 45 •~ 10-3 (1./g.). As shown 

in the figure, log [DƒÓ][NaƒÓ]z shows linear rela-

tionship to log [D][Na]z, but the slope of the 

line is greater than the theoretical value,
8) J. Hanson and S.M. Neale, Trans. Faraday Soc., 30, 

386 (1934).
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unity, shown in Eq. (34). The straight lines 
are :

(38)
and log [DƒÓ][NaƒÓ]4 =4. 97

(39)
It is noticeable that both data for infinite 

and finite liquid yarn ratio are on the same 

straight line of Eq. (38) for 90•Ž, as shown 

in Fig. 3. 

Marshall and Peters3) attributed the devia-

tion of the slope of the straight lines from 

the theoretical value to the aggregation of 

dye ions. They thought that the standard 

chemical potential ‡™ƒÊ(D) is dependent on the 

concentration, assuming the activity coeffi-

cients always equal to unity. This is, however, 

not correct, since the activity coefficients 

largely deviate from unity when the aggre-

gation sets up. While, the standard chemical 

potential of adsorption may be assumed un-

changed, considering that the adsorbed dye 

is in equilibrium with monomolecularly dispers-

ed dye, and that the effective concentration of 

the latter should be properly expressed using 

the activity coefficient. Details of the con-

centration dependence of the activity coeffi-

cient of dye is not known, yet but it is 

known for soaps. Soap belongs to the same 

colloidal electrolyte as dye. Curves such as 

in Fig. 4 are obtained for the osmotic coeffi-

cient, g. If the concentration C is smaller

Fig. 4. Schematic explanation of osmotic 
coefficient-concentration relation for 
micelle colloids.

than Cc, the activity coefficient of soap fol-
lows the Debye-Huckel equation, and is nearly 
equal to unity. Cc is the critical micelle 
concentration. When the concentration is 

greater than Cc, the micelle is formed and 
the osmotic coefficient decreases rapidly.

When the concentration is greater than Ct, 

the osmotic coefficient becomes constant, or 

increases gradually. Data on some soaps are 

shown in Fig. 59), where log g-log C relation

Fig. 5. log g-log C relation for some soap 
solutions.

is nearly linear at the concentration range 

from Cc to Ct. 

The osmotic coefficient g is nearly equal 

to the mean activity coefficient, f,

(40)

In the case of dye shown in Eq. (3), the mean 
activity coefficient is written as

(41)
Then, it is assumed that the activity coeffi-

cient of dye may be assumed to be the same 

as that of soap, that is:

(42)

where ft is a constant. It is generally ac-

cepted that the micelle is seldom formed at 

90•Ž or so, and the micelle forming tendency 

of dye is not so conspicuous as that of soap. 

Then,

(43)
On the other hand, the concentration of dye 

in fibre phase, [DƒÓ], is usually 50-2000 times 

greater than that in solution, [D]. Therefore, 

it may correspond to the case of C•„Ct, so

(44)

and (45)

Then the slope of the linear relation in 

log [DƒÓ][NaƒÓ]z-clog [D][Na]z diagram is equal 

to the theoretical value, unity, but the value 

of ‡™ƒÊ(D) cannot be obtained without knowing 

the value of ft, Benzoperpurine 4B (Fig. 1 

and 2) will be the case, and the values of

⊿μ(D) of Eqs. (33) and (37) are apparent values.

9) J.W. Mc Bain, "Colloid Science " (1950), p. 245-
253.
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On the other hand, Sky Blue FF has 4 

sulphonic groups and it may be more difficult 

for it to form micelle than Benzoperpurine 

4B having 2 sulphonic groups. Then, the 

concentration of Sky Blue FF in fibre phase 

may correspond to the concentration range 

of CC •ƒ_C•ƒCt. Then,

(46)

where Cc is a constant and CƒÓ is

(47)

Eq. (34) should be rewritten as

(48)

To satisfy the observed relations, Eqs. (38) 
and (39), the following values

(49)

should be adopted. For soap solutions, m= 

0.6-0.8 is obtained from Fig. 5, while the 

value for dye may be smaller than these 

values, since dye forms micelle with more 

difficulty. Therefore, the values cited in Eq. 

(49) are acceptable. 

Theory on the Rate of Dyeing 

The rate of dyeing of Benzoperpurine 4B 

and Sky Blue FF on viscose rayon yarn 

(Coutauld's 150/27) was measured by Boul-

ton2) at 90•Ž using purified dyes. The liquid 

yarn ratio was 40. The exhaustion ratio E 

was measured as a function of time t (min.). 

The exhaustion ratio was defined by

(50)
where Co (g./l.) or No (mol./l.) is the initial 

dye concentration and C or N is the dye 

concentration after t (min.) The exhaustion 

ratio after sixteen hours was assumed as 

the equilibrium exhaustion ratio, E•‡, and the 

time required to reach E=E•‡/2 is named as 

half dyeing time, T. The half dyeing time 

was measured by Boulton for many dyes but 

theoretical treatment was not tried. 

To find a simple empirical relationship, 

the ratio of adsorption amount , that is

(51)
is plotted against the ratio of time to the 

half dyeing time, that is,

(52)
In Fig. 6, ƒÄ-ƒÑ relationship from Boulton's data 

is shown. For the dyeing of Benzoperpurine 

4B on viscose rayon, dye concentration varied

Fig. 6. ƒÄ-ƒÑ relationship.

0.02-2.6 millimole, NaCl concentration 1. 1-
40 millimole, and equilibrium adsorption 
amount 4.2-25 mg./g. yarn, and for Sky Blue 
FF on the same yarn, dye concentration 
varied 0.005-0.14 millimole/l., NaCl concen-
tration 4-43 millimole/l., and equilibrium ad-
sorption amount 0.2-7.4 mg./g. yarn. All 
plots fall on a single curve, irrespective of 
the sorts of dyes and the dyeing conditions 
were very widely different. The simple 
empirical equations obtained are,

(53)
and (54)

Then, suppose that fibre has many capil-
lary gaps and the total volume of them is 
V (1./g. yarn). The shape of the gap is 
assumed for the simplicity as a capillary of 
uniform diameter. At the opening of the 
capillary, the dyeing equilibrium is imme-
diately established, and the dye diffused into 
the inner part of the capillary is readily 
supplied from the dye bath, so that the con-

centration at the opening No (mol./l.) is a 
function of the dye bath composition only. 

At the initial stage of the diffusion, No is 
approximately constant, and the depth of the 

penetration of dye is smaller than the depth 
of the capillary, L. Then, the equation of 

Furth 10) is used :

(55)

where the concentration of dye ion at the 
distance y (cm.) from the opening is No and 
diffusion coefficient is D, and time is t. q(q) 
is the function of q only and

10) R. Forth, Phys. Z., 26, 719 (1925) ; Kolloid-Z., 
41, 300 (1927).
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(56)

Using these, the concentration gradient at 

time t and location y becomes,

(57)

Then, using the relation11) that, 

when y0, and therefore q  1,

then (58)
the concentration gradient at the opening is

(59)

The rate of dyeing dx/dt is,

(60)

where A is the sum of the cross section of 

capillary (cm2/g. yarn) and adsorption amout 

x is expressed in g. dye/g. yarn, and the 

factor 1000 is used to rewrite the NƒÓo in 

mol./l. to mol./cc. 

At the initial stage of diffusion, NƒÓo = cons-

tant, so that

(61)

is obtained. Then the definition of the half 

dyeing time,

(62)
is used with Eq. (61) and

(63)
is obtained. This is equal to Eq. (53). Then,

(64)

where xt is the equilibrium adsorption amount 
(g./g.) when an infinitesimal amount of fibre 
(that means the surface only of the fibre) is 
dipped into the dye bath, whose composition 
is that at time t. Moreover, V (1./g.) is

(65)
Using these equations, the half dyeing time 

is,

(66)
At the infinite liquid yarn ratio,

(67)

so that the value of Q is equal to unity, 
and from Eq. (66),

(68)
is obtained. On the other hand, Neale, 
Stringfellow, Hanson, Andrew and Johnston12) 
used the equation by Hill13)

(69)

where b is a half of the thickness of a cel-

lophane film. The relation between ~ and 

Dt/b2 calculated from Eq. (69) is shown in 

the first two columns of Table I. Since the 

time at which ƒÄ=0.5 is the half dyeing time, 

T, so from Table I,

that is

(70)

is obtained. If it is assumed that the value 

of L corresponds to b, Eq. (70) is equal to 

Eq. (68). Then,(Dt/b2) is recalculated to ƒÑ, 

by the equation

(71)

as shown in the third column of Table I, and

ξ is calculated by Eq. (63), as shown in the
fourth column of the table. The results are 

in good agreement with that by Hill, as far 

as ƒÄ•ƒ_0.7. Therefore, the complicated Hill's 

equation is replaced by a simpler equation 

(63) without any loss of accuracy as far as

ξ≦0.7.

TABLE I

11) M. Nakagaki, Bull. Chem. Sac. Japan, 23, 104 
(1950).

12) S.M. Neale and W.A. Strigngfellow, Trans. Fara-
day Soc., 29, 1167 (1933); J. Hanson and S.M. Neale, 
ibid., 30, 386 (1934); D.H. Andrew and J. Johnston, J. 
Am. Chem. Soc., 46, 640 (1924). 

13) A.V. Hill, Proc. Roy. Soc., B104, 39 (1928).
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At the finite liquid yarn ratio, Q is not 

equal to unity. When the equilibrium ex-

hausion is greater, and equilibrium dye bath 

concentration is smaller, then, x•‡ becomes 

smaller and Q becomes smaller. Therefore, 

T becomes smaller when the E•‡ is greater, 

as shown by Boulton. As shown before, the 

dyeing equilibrium of Benzoperpurine 4B on 

viscose rayon yarn is expressed by Eq. (29). 

The dye concentration of dye bath N should 

be used in place of N•‡, for xt. Then, re-

placing N and N•‡, by E and E•‡, using Eq. 

(50),

(72)

is obtained. At the initial stage of dyeing, 
E is nearly equal to zero, so the value of 
Q is

(73)

The relation between Boulton's half dyeing 
time and the Q value, calculated from Eq. 
(73), is shown in Fig. 7. As a rough ap-

Fig. 7. T-Q2 relation for benzopurpurine 
4B.

proximation T is proportional to Q2, though 
the plot for T=24.9 min. deviates from the 
linearity. The results of Hanson and Neale8) 
showed that the apparent diffusion coefficient 
becomes smaller when the salt concentration 
is smaller. The case of T=24.9 corresponds 
to this case, so that the deviation from the 
linearity will be explained from the decrease 
of apparent diffusion coefficient, which is 
often attributed to the variation of the sur-
face potential at the fibre-water interface. 
From the inclination of the straight line in 
Fig. 7.

(74)

is obtained. As already said about Eq. (70), 
L should be approximately equal to the 
radius of the single fibre. The latter is

(75)
for 150/27 yarn, (a single yarn is 5.5 deniers), 
assuming that the density of fibre is about 
1.5. Using this value in L of Eq. (74), dif-
fusion coefficient is,

(76)
This is approximately equal to the value by 

Hanson and Neale,).

Summary 

The theory of dyeing equilibrium is treated 

generally. On the way of derivation, it is 
emphasized that the Donnan's equation,

is correct only when Na+ and Cl+ have no 

affinity to the fibre. An equation expressing 

dyeing equilibrium is obtained for finite liquid 

yarn ratio, and compared to the equation by 
Vickerstaff for infinite liquid yarn ratio. 

Moreover, data for both finite and infinite 

liquid yarn ratio could be plotted on the 

same straight line according to the newly 

derived equation. The deviation of the in-

clination of the straight line from the theo-

retical value is attributed to the deviation 

of the activity coefficient from unity. The 

latter was assumed as analogous to that of 

soap, and a reasonable conclusion could be 

obtained. 

On the theory of dyeing rate, all data from 

widely different dyeing conditions are 

brought into a simple relation

using the half dyeing time T proposed by 

Boulton. This equation was justified theo-

retically, and it was shown that Hill's com-

plicated equation is replaced by this simple 

equation, without loss of accuracy, as far as 

x/x•‡•…0.7. Then, Boulton's relation, that
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the half dyeing time becomes longer when 
the equilibrium exhaustion ratio is smaller, 
is justified theoretically. The apparent dif-
fusion coefficient in fibre agrees with that 
of Hanson and Neale. 
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